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Abstract

Given a finite-dimensional time continuous control system and 𝜀 > 0,
we address the question of the existence of controls that maintain the
corresponding state trajectories in the 𝜀-neighborhood of any prescribed path
in the state space. We investigate this property, called approximate tracking
controllability, for linear and quadratic time invariant systems. Concerning
linear systems, our answers are negative: by developing a systematic approach,
we demonstrate that approximate tracking controllability of the full state
is impossible even in a certain weak sense, except for trivial situations.
For systems with quadratic nonlinearities, we prove approximate tracking
controllability on any time horizon with respect to the relaxation metric. We
underline the relevance of this weak setting by developing applications to
coupled systems and by remarking obstructions that would arise for natural
stronger norms. The exposed framework yields global results even if the
uncontrolled dynamics might exhibit singularities in finite time.
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1 Introduction

The main objective of controllability theory of time-continuous dynamical systems
consists in studying the existence of input signals driving the state trajectory from
an arbitrary initial state to a prescribed final state. This theory is developed in
an overwhelming number of papers and monographs, for both finite- and infinite-
dimensional systems, see for instance, Coron [8] and references therein. Much less
is done on a property called tracking controllability, where the aim is controlling
the full state of the system or an output function at each instant 𝑡 in a fixed time
interval [0, 𝜏]. The exact or approximate output tracking have been developed in
series of papers, see, for instance, García-Planas and Domínguez-García [12], or
Zamorano and Zuazua [26] for the linear case. In contrast to the functional-analytic
and duality-based approach developed for linear output tracking controllability
in [26], this work employs geometric and convexification methods to address
the challenging problem of weak approximate tracking controllability of the full-
state for systems with quadratic nonlinearity. To our best knowledge there are no
systematic studies of the tracking controllability of the full state. This is probably
due to the fact that this is a very strong property, which seems out of reach in many
classical situations. In fact, as we show in Section 2 below, for linear systems this
property holds (even in a weak sense) only in the trivial case where the control
operator is onto. Motivated by this negative result, we focus on a class of nonlinear
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systems for which approximate tracking controllability (in the same weak sense)
holds.

To be more precise, let 𝑈 (the control space), 𝑋 (the state space) be finite-
dimensional inner product spaces. We consider control systems described by

(1.1) ¤𝑥(𝑡) + 𝐴𝑥(𝑡) + 𝑓 (𝑥(𝑡)) = 𝐵𝑢(𝑡) (𝑡 ∈ [0, 𝜏]),

with the initial condition
𝑥(0) = 𝑥0 ∈ 𝑋.

where 𝜏 > 0 is the control time, 𝑥 : [0, 𝜏] → 𝑋 is the state trajectory, 𝑢 : [0, 𝜏] → 𝑈

is the control function, 𝐴 ∈ ℒ(𝑋) and 𝐵 ∈ ℒ(𝑈, 𝑋) are linear maps from 𝑋 to 𝑋
and from 𝑈 to 𝑋 , respectively, and the nonlinearity 𝑓 : 𝑋 → 𝑋 is supposed locally
Lipschitz. Questions of (tracking-) controllability for such time-invariant systems
arise in various applications, including complex networks [19], robotics [17], and
machine learning research [23]; see also the respective bibliographies of these
references.

The goal of the present article is to provide elementary and checkable conditions
on 𝑓 , 𝑈, and 𝐵 that ensure for any 𝜀 > 0 and any time 𝜏 > 0 the existence of
controls 𝑢 : [0, 𝜏] → 𝑈 which maintain the corresponding solutions to (1.1) on the
whole time interval [0, 𝜏] in the 𝜀-neighborhood (with respect to a suitable norm)
of a prescribed function 𝜓 : [0, 𝜏] → 𝑋 . In other words, we investigate under what
assumptions appropriately forced solutions to (1.1) can approximately track, with
respect to a suitable norm, any curve in the state space. The nature of the results
obtained here will depend crucially on the considered norms and the choices of 𝑓 ,
𝑈, and 𝐵.

More precisely, the main controllability property of (1.1) investigated in this
article is defined below.

Definition 1.1. Let 𝜏 > 0 and let 𝑁𝜏 be a norm on 𝐿2( [0, 𝜏]; 𝑋). The system (1.1)
is called approximately tracking controllable on [0, 𝜏] with respect to 𝑁𝜏 , if for every
𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋) and 𝜀 > 0, there exists a control function 𝑢 ∈ 𝐿2( [0, 𝜏];𝑈)
such that the solution 𝑥 of (1.1) with 𝑥(0) = 𝜓(0) satisfies

(1.2) 𝑁𝜏 (𝑥 − 𝜓) ⩽ 𝜀.

Remark 1.2. The property (1.2) of Definition 1.1 is independent of the initial state
of 𝑥. Indeed, given 𝜏 > 0 and 𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋), assume that 𝑥1 ∈ 𝑋 is chosen
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such that 𝑥1 ≠ 𝜓(0). Then, for any 𝜀 > 0 fix 𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋) with 𝜓(0) = 𝑥1
and 𝑁𝜏 (𝜓 − 𝜓) ⩽ 𝜀/2. Now, we can infer from the assumption that Definition 1.1
holds the existence of 𝑢̃ ∈ 𝐿2( [0, 𝜏];𝑈) such that the corresponding solution 𝑥̃ to
(1.1) with 𝑥̃(0) = 𝑥1 satisfies 𝑁𝜏 (𝑥̃ − 𝜓) ⩽ 𝜀/2. This implies 𝑁𝜏 (𝑥̃ − 𝜓) ⩽ 𝜀.
Remark 1.3. In Definition 1.1, it is equivalent to require 𝑢 ∈ 𝐶∞( [0, 𝜏];𝑈). This
follows by combining a density argument with a standard result on the continuous
dependence of solutions to (1.1) on the data (see Proposition 4.2 below).

As far as we know, the property defined above in Definition 1.1, where 𝑋 is
finite-dimensional,x has not been systematically studied in the literature, namely in
the nonlinear case. For linear systems; i.e. 𝑓 = 0 in (1.1), a more general concept
appears in Definition 4.1 from [26]. There, 𝑁𝜏 in the above mentioned definition
is chosen to be the 𝐿2( [0, 𝜏]; 𝑋) norm and the focus is on the characterization
by duality of the defined concept; see Section 2 below for more details. To our
best knowledge, for nonlinear finite-dimensional systems, the approximate tracking
controllability (with 𝑁𝜏 being the usual norm in 𝐿2( [0, 𝜏]; 𝑋)) has been considered
only for affine control systems without drift, see, for instance, Liu and Sussmann
[25], mainly as a tool in obtaining controllability results [1, 13, 18, 25]. Let us also
mention the systematic study of small-time local controllability for scalar-input
systems due to Beauchard and Marbach in [5], which particularly highlights the
role played by the choice of the norms to measure relevant quantities such as
the “size” of the controlled state trajectory. In an infinite-dimensional context,
some approximate tracking controllability results (with respect to a weaker norm;
see (1.3) below) have been given in Koike et al. [15] and Nersesyan [20] for
PDEs describing fluid flows. The method used there, and in parts of the present
article, arises in a broader context from the Agrachev-Sarychev approach and its
refinements; see Agrachev and Sarychev [2, 3], Shirikyan [24], Nersisyan [22], or
for a general class of parabolic PDEs the work [21] by Nersesyan. In [6], tracking in
modulus (also called tracking up to phases) has been established for a multi-input
Schrödinger equation by Boscain, Caponigro, and Sigalotti.

In this work, we focus on two choices of the norm 𝑁𝜏 . The first one is the
standard norm in 𝐿2( [0, 𝜏];𝑈). The second norm we consider, called relaxation
norm (cf. Gamkrelidze [10, p.55] and [2, 15, 20]), is denoted by | | | · | | |𝜏 . For 𝜏 > 0
and (𝐸, ∥ · ∥𝐸) a Banach space, this norm is for all 𝑣 ∈ 𝐿1( [0, 𝜏]; 𝐸) defined by

(1.3) | | |𝑣 | | |𝜏 B sup
𝑡∈[0,𝜏 ]





∫ 𝑡

0
𝑣(𝑠) d𝑠






𝐸

.

The relaxation norm induces a very coarse topology, permitting bounded sequences
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of increasingly oscillating functions to vanish in the limit; for an example, con-
sider 𝑣𝑛 (𝑡) ≔ sin(𝑛𝑡), 𝑛 ∈ N. We emphasize the relevance of approximate tracking
controllability in the relaxation norm by considering in Section 7 applications
to coupled systems describing states of the form (𝑥, 𝑧), where 𝑧 is stable in the
uniform norm with respect to perturbations of 𝑥 in the relaxation norm. See also
[15, 20] for PDE applications such as Lagrangian controllability and enhanced
relaxation.

Definition 1.4. Let 𝜏 > 0. The system (1.1) is called approximately tracking
controllable on [0, 𝜏] if it satisfies Definition 1.1 with 𝑁𝜏 being the standard
norm in 𝐿2( [0, 𝜏]; 𝑋). Moreover, (1.1) is called weakly approximately tracking
controllable on [0, 𝜏] if it satisfies Definition 1.1 with 𝑁𝜏 being the relaxation
norm introduced in (1.3).

We first discuss the approximate tracking controllability for linear systems;
see Section 2, where we prove that weak approximate tracking controllability is
achievable only in the “trivial” case when 𝐵 is onto. More precisely, we have:

Proposition 1.5. Assume that that 𝑓 = 0 in (1.1), so that the considered system is
linear. Then, (1.1) is weakly approximately tracking controllable if and only if the
control operator 𝐵 is onto.

The negative result above motivates the investigation of approximate tracking
controllability for nonlinear systems. In this work we consider the case where 𝑓 in
(1.1) is quadratic. More precisely, we suppose that we have:

Assumption 1.6. The function 𝑓 is quadratic in the sense that 𝑓 (𝑥) = Γ(𝑥, 𝑥) for
a bilinear function Γ : 𝑋 × 𝑋 → 𝑋 . Without loss of generality, we can assume that
Γ is symmetric, i.e., that Γ(𝑥, 𝑦) = Γ(𝑦, 𝑥) for every 𝑥, 𝑦 ∈ 𝑋 . In particular, this
means that

(1.4) 𝑓 (𝑎) + 𝑓 (𝑏) = 𝑓 (𝑎 + 𝑏) + 𝑓 (𝑎 − 𝑏)
2

for all 𝑎, 𝑏 ∈ 𝑋 .

No assumption will be made that would rule out finite-time blowup of the
uncontrolled dynamics. We will construct the controls in a way ensuring that the
associated controlled solutions do not blow up and are defined on the whole time
interval [0, 𝜏]. Quadratic nonlinearities arise in various mathematical models or
approximations thereof. In particular, second order expansions can provide more
accurate approximations of general nonlinear systems compared to linearizations
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alone. Moreover, systems with polynomial nonlinearities can be transformed to
quadratic ones by introducing new variables [7]; however, this approach might not
be feasible in the presence of controls, as the controllability of the “quadratified”
system might be less clear. Another, mostly illustrative, reason for choosing
quadratic nonlinearities is that they can be seen as toy models for the nonlinearities
occurring in the Euler or Navier-Stokes equations in fluid dynamics, or in other
infinite-dimensional systems. It is also possible to apply the techniques presented
here to Galerkin approximations of fluid PDEs or other models, but we omit a
detailed study of this situation; we refer to [2] and the work [16] by Lions and
Zuazua regarding some existing controllability results for Galerkin approximations.
It should be emphasized that the techniques presented here are tailored to quadratic
nonlinearities, and extensions to non-quadratic settings are expected to be nontrivial.
However, in view of the proof of Proposition 4.2, we could allow nonlinear
perturbations of non-quadratic type under the strong assumption that they are small
in dependence on all data and the choices of 𝜏 and 𝜀 in Definition 1.1.

In order to state a positive result in the presence of quadratic nonlinearities, we
need extra assumptions on the nonlinearity and on the control operator. The precise
formulation of these assumptions in a general form requires some preparation, so
we postpone this to Section 3. For this introductory section, we limit ourselves
to the following stronger hypothesis, which is easy to state and to check (see
Examples 1.9 and 3.1):

Assumption 1.7. For each 𝛾 ∈ 𝑋 there exist 𝑢, 𝜉 ∈ 𝑈 such that 𝛾 = 𝐵𝑢 − 𝑓 (𝐵𝜉).

We state below a simplified version of our main result given later in the form
of Theorem 3.5, referring to Section 6 for its proof.

Proposition 1.8. Let Assumption 1.6 and Assumption 1.7 be satisfied. Then for
every 𝜏 > 0 the system (1.1) is weakly approximately tracking controllable on
[0, 𝜏]. More precisely, given any 𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋) and 𝜀 > 0, there exists a
control 𝑢 ∈ 𝐶∞( [0, 𝜏];𝑈) such that the corresponding solution 𝑥 to (1.1) with
𝑥0 = 𝜓(0) satisfies

|𝑥(𝜏) − 𝜓(𝜏) | + | | |𝑥 − 𝜓 | | |𝜏 < 𝜀.

Note that Proposition 1.8 also provides the global approximate controllability
of (1.1).

A natural question is whether stronger notions of approximate tracking control-
lability can be achieved under the assumptions in Proposition 1.8. The example
below shows that the answer is generally negative.
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Example 1.9. Adhering to the notations from (1.1), we consider the following
controlled nonlinear system with quadratic drift:

(1.5) ¤𝑥1 + 𝑥1𝑥2 = 𝑢1, ¤𝑥2 + 𝑥2
3 − 𝑥

2
1 = 0, ¤𝑥3 − 𝑥3𝑥2 = 𝑢2.

The above system clearly meets the hypothesis of Proposition 1.8 with 𝑋 = R3,
𝑈 = R2, 𝐴 = 0, 𝐵𝑢 = [𝑢1, 0, 𝑢2]⊤ for 𝑢 = [𝑢1, 𝑢2]⊤ ∈ 𝑈, and 𝑓 (𝑥1, 𝑥2, 𝑥3) =

[𝑥1𝑥2, 𝑥
2
3 − 𝑥

2
1,−𝑥3𝑥2]⊤ for 𝑥 = [𝑥1, 𝑥2, 𝑥3]⊤ ∈ 𝑋 . Indeed, (1.5) obviously satisfies

Assumption 1.6, whereas the fact that Assumption 1.7 holds follows from some simple
algebraic manipulations. Consequently, the system (1.5) is weakly approximately
tracking controllable by Proposition 1.8.

To prove that it is not approximately tracking controllable we choose, for
simplicity, 𝜏 = 1 and 𝑥(0) = 0. Assume, for a contradiction argument, that for
𝜓 ≔ [𝜓1, 0, 0]⊤ with 𝜓1 ∈ 𝐶∞( [0, 1];R+), 𝜓1(0) = 0 and 𝜓1(𝑡) = 1000 for all
𝑡 ∈ [1/3, 2/3] there would exist controls (𝑢𝑛1 , 𝑢

𝑛
2 )𝑛∈N ⊂ 𝐿2((0, 1);R2) such that

the associated solutions (𝑥𝑛)𝑛∈N ⊂ 𝐶 ( [0, 1];R3) to (1.5) satisfy

lim
𝑛→∞

∥𝑥𝑛 − 𝜓∥𝐿2 ( (0,1);R3 ) = 0.

Then, there would exist a subsequence (𝑥𝑛𝑘 )𝑘∈N ⊂ (𝑥𝑛)𝑛∈N converging pointwise
to 𝜓. Thus, we can fix 𝑘 ∈ N such that 𝑥𝑛𝑘 , which we for simplicity denote again
as 𝑥 = [𝑥1, 𝑥2, 𝑥3]⊤, satisfies |𝑥(𝑡) − 𝜓(𝑡) | < 1 for almost all 𝑡 ∈ (0, 1). Hence,
for almost all 𝑡 ∈ [0, 1/3] ∪ [2/3, 1] it would hold 𝑥1(𝑡) ⩾ −1, for almost all
𝑡 ∈ [1/3, 2/3] one would have 𝑥1(𝑡) ⩾ 999, and 𝑥3(𝑡) ∈ [−1, 1] would be true
for almost all 𝑡 ∈ [0, 1]. Thus, by (1.5), it would follow that ¤𝑥2 = 𝑥2

1 − 𝑥
2
3 satisfies

¤𝑥2(𝑡) ⩾ 998000 for almost all 𝑡 ∈ [1/3, 2/3] and ¤𝑥2(𝑡) ⩾ −1 for almost all
𝑡 ∈ [0, 1/3] ∪ [2/3, 1]. However, this would contradict ∥𝑥2∥

𝐿2 ( (0,1) ;R)
< 1, hence it

would contradict the existence of the index 𝑘 .

Remark 1.10. The same argument as in Example 1.9 can also be used to obtain
negative approximate tracking controllability results with respect to the 𝐿 𝑝-norm
with 𝑝 ⩾ 1.

Organization of the remaining part of this article. Section 2 demonstrates the
lack of weak approximate tracking controllability for linear systems that are of the
form (1.1) with 𝑓 ≡ 0 and 𝐵 not onto. Our main result, which is Theorem 3.5, is
stated in Section 3 and some examples, including the Lorenz system, are discussed.
Section 4 describes basic stability properties of an enlarged system driven by
additive and multiplicative controls. An auxiliary trajectory approximation result
for the enlarged system is establish in Section 5, and, based on this, the proof of
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Theorem 3.5 is completed in Section 6. Applications of Theorem 3.5 to coupled
systems, dynamic control, and motion planning are presented in Section 7.

2 On the lack of approximate tracking controllability for
linear systems

Let 𝑈, 𝑋 and 𝑌 be finite-dimensional inner product spaces. We consider finite-
dimensional linear time-invariant systems (LTIs) with input space 𝑈, state space 𝑋
and output space 𝑌 which are described by

(2.1)

{
¤𝑧(𝑡) = 𝐴𝑧(𝑡) + 𝐵𝑢(𝑡) (𝑡 ⩾ 0),
𝑦(𝑡) = 𝐶𝑧(𝑡) (𝑡 ⩾ 0),

where 𝑢(𝑡) ∈ 𝑈, 𝑢 is the input function (or input signal), 𝑧(𝑡) ∈ 𝑋 is its state
at time 𝑡 and 𝑦 is the output function (or output signal). In the above equations,
𝐴, 𝐵, 𝐶 are linear operators such that 𝐴 : 𝑋 → 𝑋 , 𝐵 : 𝑈 → 𝑋 and 𝐶 : 𝑋 → 𝑌 . The
definition below is a slight variation of Definition 4.1 from [26].

Definition 2.1. The system (2.1) is approximately 𝐶-tracking controllable in time
𝜏 > 0 if for some 𝑧(0) ∈ 𝑋 , any output target 𝑦̃ ∈ 𝐿2( [0, 𝜏];𝑌 ), and for each 𝜀 > 0
there exists a control function 𝑢 ∈ 𝐿2( [0, 𝜏];𝑈) such that

(2.2) ∥𝑦 − 𝑦̃∥𝐿2 ( [0,𝜏 ];𝑌 ) ⩽ 𝜀.

Remark 2.2. One can check that the above definition is independent of the choice
of the initial state 𝑧(0) ∈ 𝑋 . Indeed, assume that Definition 2.1 holds with 𝑧(0) = 𝑧0,
for some fixed 𝑧0 ∈ 𝑋 . Then, for every 𝑧1 ∈ 𝑋 and 𝑦̃ ∈ 𝐿2( [0, 𝜏];𝑌 ) there exists a
control 𝑢1 ∈ 𝐿2( [0, 𝜏];𝑈) such that the solution 𝑧̃ to the problem

¤̃𝑧 = 𝐴𝑧̃ + 𝐵𝑢1,

𝑦1 = 𝐶𝑧̃,

𝑧̃(0) = 𝑧0,

satisfies
∥𝑦1 − 𝑦̃ − 𝐶 exp(𝑡𝐴) (𝑧0 − 𝑧1)∥𝐿2 ( [0,𝜏 ];𝑌 ) ⩽ 𝜀,

so that

(2.3) ∥𝐶 exp(𝑡𝐴)𝑧1 + 𝐶Φ𝑡𝑢1 − 𝑦̃∥𝐿2 ( [0,𝜏 ];𝑌 ) ⩽ 𝜀,
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where
Φ𝑡𝑢1 =

∫ 𝑡

0
exp [(𝑡 − 𝜎)𝐴] 𝐵𝑢1(𝜎) d𝜎 (𝑡 ∈ [0, 𝜏]).

Noting that
𝑧(𝑡) = exp(𝑡𝐴)𝑧1 +Φ𝑡𝑢1 (𝑡 ∈ [0, 𝜏]),

satisfies ¤𝑧 = 𝐴𝑧 + 𝐵𝑢1 on [0, 𝜏] and 𝑧(0) = 𝑧1, the estimate (2.3) becomes
∥𝐶𝑧 − 𝑦̃∥𝐿2 ( [0,𝜏 ];𝑌 ) ⩽ 𝜀. We have thus shown that (2.1) also satisfies Definition 2.1
with 𝑧(0) = 𝑧1.

Consequently, it suffices to take 𝑧(0) = 0, so that the system (2.1) is approx-
imately 𝐶-tracking controllable if an only if for every 𝜏 > 0 the range of the
operator F𝜏 ∈ ℒ

(
(𝐿2( [0, 𝜏];𝑈), 𝐿2( [0, 𝜏];𝑌 )

)
defined by

(2.4) (F𝜏𝑢) (𝑡) = 𝐶
∫ 𝑡

0
exp((𝑡 − 𝜎)𝐴)𝐵𝑢(𝜎) d𝜎 (𝑡 ∈ [0, 𝜏]),

is dense in 𝐿2( [0, 𝜏];𝑌 ).

Remark 2.3. Using Remark 2.2, it follows that (2.1) satisfies Definition 2.1 with
𝑌 = 𝑋 and 𝐶 = I𝑋 (the identity in 𝑋) if and only if this system is approximately
tracking controllable in the sense of Definition 1.1.

We also recall the following version of Theorem 4.2 in [26] which gives the
adjoint of F𝜏 .

Proposition 2.4. The adjoint of the operator F𝜏 defined in (2.4) is given by the
operator

Ψ𝜏 ∈ ℒ(𝐿2( [0, 𝜏];𝑌 ), 𝐿2 [0, 𝜏];𝑈))

defined by

(2.5) (Ψ𝜏𝑔) (𝜎) = 𝐵∗
[∫ 𝜏

𝜎

exp((𝑡 − 𝜎)𝐴∗)𝐶∗𝑔(𝑡) d𝑡
]

(𝑔 ∈ 𝐿2( [0, 𝜏], 𝑌 ), 𝜎 ∈ [0, 𝜏]).

Consequently, the system (2.1) is approximately 𝐶-tracking approximately control-
lable if and only if KerΨ𝜏 = {0}.
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Proof. Let 𝑔 ∈ 𝐿2( [0, 𝜏], 𝑌 ) and 𝑢 ∈ 𝐿2( [0, 𝜏], 𝑌 ). Then

⟨F𝜏𝑢, 𝑔⟩𝐿2 ( [0,𝜏 ],𝑌 ) =

∫ 𝜏

0

∫ 𝑡

0
⟨𝑢(𝜎), 𝐵∗ exp((𝑡 − 𝜎)𝐴)𝐶∗𝑔(𝑡)⟩𝑈 d𝜎 d𝑡

=

∫ 𝜏

0

〈
𝑢(𝜎),

∫ 𝜏

𝜎

𝐵∗ exp((𝑡 − 𝜎)𝐴∗)𝐶∗𝑔(𝑡) d𝑡
〉
𝑈

d𝜎,

so that F∗𝜏 is indeed the operator Ψ𝜏 defined in (2.5).
The last assertion in the proposition follows from the fact that F𝜏 is onto if

and only if Ker F∗𝜏 = {0}. □

Proposition 2.5. For 𝜏 > 0, the system (2.1) is approximately tracking controllable
in time 𝜏 if and only if 𝐵 is onto.

Proof. We first remark that for 𝑌 = 𝑋 and 𝐶 = I𝑋 Proposition 2.4 yields that F∗𝜏 is
given by (

F∗𝜏𝑔
)
(𝜎) = 𝐵∗

[∫ 𝜏

𝜎

exp((𝑡 − 𝜎)𝐴∗)𝑔(𝑡) d𝑡
]

(𝑔 ∈ 𝐿2( [0, 𝜏], 𝑋), 𝜎 ∈ [0, 𝜏]).

Assume that 𝐵 is not onto. Then there exists 𝜂 ∈ 𝑋 \ {0} such that 𝐵∗𝜂 = 0. Let

𝑔(𝑡) = −𝛼(𝑡)𝐴∗𝜂 − ¤𝛼(𝑡)𝜂 (𝑡 ⩾ 0),

with 𝛼(𝑡) = (𝜏 − 𝑡)𝜂. Then, we have 𝑔 ≠ 0 and∫ 𝜏

𝜎

exp((𝑡 − 𝜎)𝐴∗)𝑔(𝑡) d𝑡 = −
∫ 𝜏

𝜎

exp((𝑡 − 𝜎)𝐴∗) [𝛼(𝑡)𝐴∗𝜂 + ¤𝛼(𝑡)𝜂]

= −
∫ 𝜏

𝜎

d
d𝑡

[𝛼(𝑡) exp((𝑡 − 𝜎)𝐴∗)𝜂] d𝑡 = (𝜏 − 𝜎)𝜂

(𝜎 ∈ [0, 𝜏]),

so that F∗𝜏𝑔 = 0. We have thus shown, by contraposition, that if (2.1) is approximately
tracking controllable then 𝐵 is onto.

The proof of the fact that if 𝐵 is onto then (2.1) is approximately tracking
controllable is left for the reader. □

Definition 2.1 of approximate 𝐶-tracking controllability depends on the choice
of the norm in the left hand side of (2.2). Therefore, a natural question is whether
this property could hold, without assuming that 𝐵 is onto, when we replace the
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𝐿2( [0, 𝜏];𝑌 ) norm appearing in (2.2) by a weaker norm. A natural candidate in this
direction is the relaxation norm, which has been defined in (1.3). Using the above
norm, we introduce the concept of weakly approximately 𝐶-tracking controllability
as follows.

Definition 2.6. The system (2.1) is weakly approximately 𝐶-tracking controllable
if for every 𝜏 > 0, 𝑧(0) ∈ 𝑋 , any output target 𝑦̃ ∈ 𝐿2( [0, 𝜏];𝑌 ), and for every
𝜀 > 0 there exists a control function 𝑢 ∈ 𝐿2( [0, 𝜏];𝑈) such that

| | |𝑦 − 𝑦̃ | | |𝜏 ⩽ 𝜀.

Remark 2.7. Using Remark 2.2, it follows that the above property holds with 𝑌 = 𝑋

and 𝐶 = I𝑋 if and only if the system (2.1) is approximately tracking controllable in
time 𝜏 (in the sense of Definition 1.4).

Remark 2.8. From Definitions 2.1 and 2.6, it follows that the system (2.1) is weakly
approximately 𝐶-tracking controllable in time 𝜏 if an only if the extended system

(2.6)


¤𝑧1(𝑡) = 𝐴𝑧1(𝑡) + 𝐵𝑢(𝑡) (𝑡 ⩾ 0),
¤𝑧2(𝑡) = 𝑧1(𝑡) (𝑡 ⩾ 0),
𝑦(𝑡) = 𝐶𝑧2(𝑡) (𝑡 ⩾ 0),

with state trajectory 𝑧 = [𝑧1, 𝑧2]⊤, control function 𝑢, and output signal 𝑦, is
approximately 𝐶-tracking controllable in time 𝜏, with 𝐶 =

[
0, 𝐶

]
.

We are now in the position to give the main proof in this section.

Proof of Proposition 1.5. The fact that if 𝐵 is onto then (2.1) is weakly approxi-
mately tracking controllable follows from Proposition 2.5.

To prove the converse of the above assertion, we first remark that for 𝐶 = I𝑋
the system (2.6) writes {

¤𝑧(𝑡) = 𝐴𝑧(𝑡) + 𝐵𝑢(𝑡) (𝑡 ⩾ 0),
𝑦(𝑡) = 𝐶𝑧(𝑡) (𝑡 ⩾ 0),

where

(2.7) 𝐴 =

[
𝐴 0
I𝑋 0

]
, 𝐵∗ =

[
𝐵∗ 0

]
, 𝐶∗ =

[
0
I𝑋

]
.

By combining Proposition 2.4 and Remark 2.8, it follows that (2.1) is weakly
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approximately tracking controllable in time 𝜏 if and only if the operator

Ψ̃𝜏 ∈ ℒ(𝐿2( [0, 𝜏];𝑌 ), 𝐿2 [0, 𝜏];𝑈)),

defined by (
Ψ̃𝜏𝑔

)
(𝜎) = 𝐵∗

[∫ 𝜏

𝜎

exp((𝑡 − 𝜎)𝐴∗)𝐶∗𝑔(𝑡) d𝑡
]

(𝑔 ∈ 𝐿2( [0, 𝜏], 𝑌 ), 𝜎 ∈ [0, 𝜏]),

satisfies

(2.8) Ker Ψ̃𝜏 = {0}.

Since the definition of 𝐴 in (2.7) yields

exp(𝑡𝐴∗) =
[
exp(𝑡𝐴∗)

∫ 𝑡

0 exp((𝑡 − 𝑠)𝐴∗) d𝑠
0 0

]
(𝑡 ∈ R),

we can use the definitions of 𝐵∗ and 𝐶∗ in (2.7) to obtain for all 𝑔 ∈ 𝐿2( [0, 𝜏], 𝑌 )
and 𝜎 ∈ [0, 𝜏] that

(2.9)

(
Ψ̃𝜏𝑔

)
(𝜎) = 𝐵∗

[∫ 𝜏

𝜎

(∫ 𝑡−𝜎

0
exp((𝑡 − 𝜎 − 𝑠)𝐴∗) d𝑠

)
𝑔(𝑡) d𝑡

]
= 𝐵∗

[∫ 𝜏−𝜎

0

∫ 𝜏

𝑠+𝜎
exp((𝑡 − 𝜎 − 𝑠)𝐴∗)𝑔(𝑡) d𝑡 d𝑠

]
= 𝐵∗

[∫ 𝜏−𝜎

0

∫ 𝜏

𝜉

exp((𝑡 − 𝜉)𝐴∗)𝑔(𝑡) d𝑡 d𝜉
]
.

In what follows, we use a contraposition argument; more precisely, we show
that, if 𝐵 is not onto, then (2.8) does not hold. To this end, we remark that, if 𝐵 is
not onto, then there exists 𝜂 ∈ 𝑋 \ {0} such that 𝐵∗𝜂 = 0. In this case, we denote
𝛼(𝑡) = (𝜏 − 𝑡)𝜂 and define 𝑔(𝑡) = −𝛼(𝑡)𝐴∗𝜂 − ¤𝛼(𝑡)𝜂 for all 𝑡 ⩾ 0. In particular, it
holds 𝑔 ≠ 0, and for all 𝜉 ∈ [0, 𝜏] we have∫ 𝜏

𝜉

exp((𝑡 − 𝜉)𝐴∗)𝑔(𝑡) d𝑡 = −
∫ 𝜏

𝜉

exp((𝑡 − 𝜉)𝐴∗) [𝛼(𝑡)𝐴∗𝜂 + ¤𝛼(𝑡)𝜂]

= −
∫ 𝜏

𝜉

d
d𝑡

[𝛼(𝑡) exp((𝑡 − 𝜉)𝐴∗)𝜂] d𝑡 = (𝜏 − 𝜉)𝜂.
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By combining the last formula and (2.9) it follows that(
Ψ̃𝜏𝑔

)
(𝜎) = (2𝜎 − 𝜏)2 − 𝜏2

2
𝐵∗𝜂 (𝜎 ∈ [0, 𝜏]),

which implies Ψ̃𝜏𝑔 = 0. We have thus shown by contraposition that, if (2.1) is
weakly approximately tracking controllable in time 𝜏, then 𝐵 is onto. □

3 Statement of the main result

In this section, we state and prove our main result (Theorem 3.5), which provides
weak approximate tracking controllability of (1.1) in the presence of quadratic
nonlinearities. Moreover, we provide several illustrative examples.

To specify suitable choices for 𝑓 ,𝑈, and 𝐵, we borrow from [15,20] a saturation
assumption that is more general than Assumption 1.7; for further details, see also
[2] and [24], as well as the references therein.

Before stating this more general assumption below (see Assumption 3.3), we
highlight Assumption 1.7 as it simplifies the argument presented later, and as it
gives already rise to a rich class of examples.

Example 3.1. There has been interest in types of tracking controllability for the
Lorenz system; for instance, see [11] and the references therein. In this direction,
we consider 𝑥 = [𝑥1, 𝑥2, 𝑥3]⊤ : R3 → R3 as the solution to the controlled nonlinear
problem (1.1) with

𝑓 (𝑥) ≔


0
𝑥2𝑥3
−𝑥1𝑥2

 , 𝐴 ≔


𝜎 −𝜎 0
−𝜌 1 0
0 0 𝛽

 , 𝐵 ≔


1 0
0 1
0 1

 ,
where 𝛽, 𝜎, 𝜌 > 0. One can readily check by means of elementary algebraic
manipulations that Assumption 1.7 holds for the above choices of 𝑓 and 𝐵 with the
two-dimensional control space 𝑈 = R2.

The next definition states a generalized version of Assumption 1.7, allowing us
to consider certain high-dimensional systems driven by low-dimensional inputs.
For additional context, see [24] and the references therein, in particular the keyword
“convexification principle”.

Definition 3.2. Given any subspace 𝐸 ⊂ 𝑋 , we denote by ℱ(𝐸) the largest subspace
of 𝑋 such that any 𝛾 ∈ ℱ(𝐸) can be expressed in the form 𝛾 = 𝜉0 −

∑𝑝

𝑖=1 𝑓 (𝜉𝑖)
for some 𝑝 ∈ N and 𝜉0, 𝜉1, . . . , 𝜉𝑝 ∈ 𝐸 .
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Assumption 3.3. For (𝐸𝑖)𝑖∈N recursively defined by 𝐸0 ≔ Range(𝐵) and 𝐸𝑖 ≔

ℱ(𝐸𝑖−1) for 𝑖 ∈ N, there exists a number 𝑛𝑋 ∈ N such that 𝐸𝑛𝑋 = 𝑋 .

The following simple example illustrates that Assumption 3.3 is more general
than Assumption 1.7.

Example 3.4. Let 𝑋 = R6, 𝑈 = R3, and consider the controlled system (1.1) with
𝑓 and 𝐵 chosen as follows:

𝑓 (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6) ≔ [0, 0, 0, 𝑥1𝑥2, 𝑥1𝑥3, 𝑥2𝑥3]⊤, 𝐵 ≔ [IR3×3 ,OR3×3]⊤,

where IR3×3 denotes the identity matrix in R3 and OR3×3 the 3 × 3 matrix with
all entries being zero. It is not difficult to check that Assumption 3.3 is satisfied
in this case. On the other hand, Assumption 1.7 is not satisfied; one can take,
for instance, 𝛾 = [0, 0, 0, 𝑎, 0, 𝑏]⊤ ∈ R6 with 𝑎 ≠ 0 ≠ 𝑏 and readily verify that
𝛾 = 𝐵[𝑢1, 𝑢2, 𝑢3]⊤ − 𝑓 (𝐵[𝜉1, 𝜉2, 𝜉3]⊤) would imply that both 𝜉3 = 0 and 𝜉3 ≠ 0,
which is impossible.

We are now in the position to state our main result.

Theorem 3.5. Let Assumption 3.3 be satisfied and 𝜏 > 0. Given any 𝜓 ∈
𝑊1,2((0, 𝜏); 𝑋) and 𝜀 > 0, there exists a control 𝑢 ∈ 𝐶∞( [0, 𝜏];𝑈) such that
the corresponding solution 𝑥 to (1.1) with 𝑥0 = 𝜓(0) satisfies

|𝑥(𝜏) − 𝜓(𝜏) | + | | |𝑥 − 𝜓 | | |𝜏 < 𝜀.

Remark 3.6. As it is usual in the context of approximate controllability, we
cannot expect the cost of control in Theorem 3.5 to stay bounded in the 𝐿1-norm
independently of 𝜀. However, the proof of Theorem 3.5 reveals that the relaxation
norm of the control 𝑢 can be bounded independently of 𝜀.

Most of the remaining part of this work is devoted to the proof of the above
result (see Section 6 for the conclusion of the argument). The strategy of this proof
relies on adaptation of arguments in [15]. Some applications of Theorem 3.5 to
coupled systems are discussed in Section 7.

4 An enlarged system

A classical methodology in nonlinear control theory, introduced in Jurdjevic and
Kupka [14], called enlargement method, consists in adding appropriately chosen
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controls and first studying this enlarged system. By “appropriately" we mean here
that the enlarged system has to be controllable and that it should be possible to
prove that returning to the original system does not essentially alter its accessibility
sets. In this work we apply a version of this methodology developed by [24] in
the continuation of [2, 3] (see also [15, 20]), in the context of approximate control
of the Navier-Stokes or Euler systems. More precisely, we introduce the enlarged
system

(4.1)
¤𝑤(𝑡) + 𝐴(𝑤(𝑡) + 𝜁 (𝑡)) + 𝑓 (𝑤(𝑡) + 𝜁 (𝑡)) = 𝛾(𝑡),

𝑤(0) = 𝑤0,

which is driven by two inputs 𝜁, 𝛾 : [0, 𝜏] → 𝑋 and reduces to (1.1) when 𝜁 = 0.
The crucial ingredient of the proof of Theorem 3.5 consists in proving that solutions
to (1.1), driven by an additive input, can be approximated by solutions to (4.1),
driven by two inputs; see Section 6 below for the details.

In this section, we limit ourselves to give a consequence of well-known
theorems on continuous dependence of solutions of Cauchy problems with respect
to parameters (see, for instance, Gamkrelidze [9, Ch.4] or [4, Section 2.6]). Note
that a similar result for PDEs, namely for the 3D Navier–Stokes system, can be
found in [20, Theorem 1.3] (see also [20], [24]). We state this in Proposition 4.2
below and, for the reader’s convenience, sketch the main steps of the proof. But
first, we introduce the following convenient notation to describe solutions to (4.1),
whenever they exist, in terms of the imposed data.

Definition 4.1. Whenever (4.1) admits for given 𝜏 > 0, 𝑤0 ∈ 𝑋 , 𝜁 ∈ 𝐿2( [0, 𝜏]; 𝑋),
and 𝛾 ∈ 𝐿1( [0, 𝜏]; 𝑋) a unique solution, we denote by

ℛ : 𝑋 × 𝐿2( [0, 𝜏]; 𝑋) × 𝐿1( [0, 𝜏]; 𝑋) → 𝑊1,1( [0, 𝜏]; 𝑋)

the resolving operator of (4.1). That is, ℛ maps (𝑤0, 𝜁 , 𝛾) ∈ 𝑋 × 𝐿2( [0, 𝜏]; 𝑋) ×
𝐿1( [0, 𝜏]; 𝑋) to the unique function 𝑤 = ℛ(𝑤0, 𝜁 , 𝛾) solving (4.1), as long as such
a solution exists.

We can state now the perturbative well-posedness result on which we will rely
extensively in the following sections.

Proposition 4.2. Given 𝑤0 ∈ 𝑋 and 𝜁 ∈ 𝐿2( [0, 𝜏]; 𝑋), 𝛾 ∈ 𝐿1( [0, 𝜏]; 𝑋), assume
that (4.1) has a solution 𝑤 ∈ 𝑊1,1( [0, 𝜏]; 𝑋). Moreover, let 𝑀 > 0 be such that

∥𝜁 ∥𝐿2 ( [0,𝜏 ];𝑋) + ∥𝛾∥𝐿1 ( [0,𝜏 ];𝑋) + ∥𝑤∥𝑊1,1 ( [0,𝜏 ];𝑋) ⩽ 𝑀.
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Then, there exist constants 𝛿, 𝑐 > 0, depending only on 𝑀 and on 𝜏, such that for
any 𝑣0 ∈ 𝑋 , 𝜉 ∈ 𝐿2( [0, 𝜏]; 𝑋) and 𝑔 ∈ 𝐿1( [0, 𝜏]; 𝑋) with

|𝑤0 − 𝑣0 | + ∥𝜁 − 𝜉∥𝐿2 ( [0,𝜏 ];𝑋) + ∥𝛾 − 𝑔∥𝐿1 ( [0,𝜏 ];𝑋) ⩽ 𝛿(4.2)

the problem (4.1) with initial state 𝑤0 replaced by 𝑣0 and controls (𝜁, 𝛾) replaced
by (𝜉, 𝑔) admits a unique solution 𝑣 = ℛ(𝑣0, 𝜉, 𝑔) on [0, 𝜏] satisfying

(4.3)
∥ℛ(𝑤0, 𝜁 , 𝛾) −ℛ(𝑣0, 𝜉, 𝑔)∥𝐶 ( [0,𝜏 ];𝑋)

⩽ 𝑐
(
|𝑤0 − 𝑣0 | + ∥𝜁 − 𝜉∥𝐿2 ( [0,𝜏 ];𝑋) + ∥𝛾 − 𝑔∥𝐿1 ( [0,𝜏 ];𝑋)

)
.

Proof. The first step consists of applying [9, Theorem 4.4]. According to the
above quoted result, for every 𝜀 ∈ (0, 1) there exists 𝛿 > 0, possibly depending
on 𝑀 and 𝜏, such that for every 𝑣0, 𝜉, and 𝑔 satisfying (4.2) the system (4.1),
with 𝑤0 replaced by 𝑣0 and (𝜁, 𝛾) replaced by (𝜉, 𝑔), admits a unique solution
𝑣 = ℛ(𝑣0, 𝜉, 𝑔) that is defined on [0, 𝜏] and satisfies

(4.4) ∥ℛ(𝑤0, 𝜁 , 𝛾) −ℛ(𝑣0, 𝜉, 𝑔)∥𝐶 ( [0,𝜏 ];𝑋) ⩽ 𝜀.

Second step. With 𝛿 chosen at the first step, we note that 𝑟 defined by 𝑟 = 𝑤− 𝑣
satisfies on [0, 𝜏] the equation

(4.5) ¤𝑟 + 𝐴𝑟 + Γ(𝑤 + 𝜁, 𝑟) + Γ(𝑟, 𝑣 + 𝜉)
= 𝐴(𝜁 − 𝜉) + 𝛾 − 𝑔 − Γ(𝑤 + 𝜁, 𝜁 − 𝜉) − Γ(𝜁 − 𝜉, 𝑣 + 𝜉),

where we recall from Section 1 that Γ : 𝑋 × 𝑋 → 𝑋 is the symmetric bilinear
function associated to 𝑓 ; namely, 𝑓 (𝑥) = Γ(𝑥, 𝑥) for 𝑥 ∈ 𝑋 . For 𝑡 ∈ [0, 𝜏] we
define 𝒜 : [0, 𝜏] → ℒ(𝑋) by setting 𝒜(𝑡)𝑥 ≔ 𝐴𝑥 + Γ(𝑤 + 𝜁, 𝑥) + Γ(𝑥, 𝑣 + 𝜉) for
all 𝑡 ∈ [0, 𝜏] and 𝑥 ∈ 𝑋 . Moreover, we define 𝑈 : [0, 𝜏] → ℒ(𝑋) as the solution
of the initial value problem {

¤𝑈 (𝑡) = −𝒜(𝑡)𝑈 (𝑡), (𝑡 ∈ (0, 𝜏)),
𝑈 (0) = I𝑋 .

With the above notation, the equation (4.5) and the variation of constants formula
yield that

(4.6) 𝑟 (𝑡) = 𝑈 (𝑡) (𝑤0 − 𝑣0) +
∫ 𝑡

0
𝑈 (𝑡)𝑈−1(𝜎)𝛼(𝜎) d𝜎 (𝑡 ∈ [0, 𝜏]),
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where the function 𝛼 : [0, 𝜏] → 𝑋 is given by

(4.7) 𝛼 ≔ 𝐴(𝜁 − 𝜉) + 𝛾 − 𝑔 − Γ(𝑤 + 𝜁, 𝜁 − 𝜉) − Γ(𝜁 − 𝜉, 𝑣 + 𝜉).

It is not difficult to check (using (4.4)) that, with 𝛿 chosen in the first step, the
maps 𝑡 ↦→ ∥𝑈 (𝑡)∥ℒ (𝑋) and 𝑡 ↦→ ∥𝑈−1(𝑡)∥ℒ (𝑋) are bounded on [0, 𝜏] by constants
depending only on 𝑀 and 𝜏. This fact and (4.6) imply that there exists a constant
𝑐1 > 0 (depending only on 𝑀 and 𝜏) such that

(4.8) ∥𝑟 (𝑡)∥𝑋 ⩽ 𝑐1

(
∥𝑤0 − 𝑣0∥𝑋 +

∫ 𝑡

0
∥𝛼(𝜎)∥𝑋 d𝜎

)
(𝑡 ∈ [0, 𝜏]).

On the other hand, from (4.4) and (4.7) it follows that there exists 𝑐2 > 0 (depending
only on 𝑀 and 𝜏) such that

∥𝛼∥𝐿1 ( [0,𝑡 ];𝑋) ⩽ 𝑐2

(
∥𝜁 − 𝜉∥𝐿2 ( [0,𝜏 ];𝑋) + ∥𝛾 − 𝑔∥𝐿1 ( [0,𝜏 ];𝑋)

)
(𝑡 ∈ [0, 𝜏]).

The above estimate and (4.8) yield the conclusion (4.3).
□

5 An approximation result

We denote the vector spaces (𝐸𝑙)𝑙∈N constructed as in Assumption 3.3. The main
result of this section asserts under an assumption on 𝑓 that for 𝑙 ∈ N, the solutions
to (4.1) with 𝛾 taking values in 𝐸𝑙 and 𝜁 = 0 can be approximated by a sequence
of solutions to the same system driven by a sequence of additive inputs (𝛾𝑛)𝑛∈N
with values in 𝐸𝑙−1 and a sequence of multiplicative inputs (𝜁𝑛)𝑛∈N with values
in 𝐸𝑙−1 that vanishes asymptotically in the relaxation norm. Such approximation
properties are known for incompressible fluids controlled through a finite number
of Fourier modes (see [15,20]) and we adapt these techniques to the present setting.
More precisely, we have:

Proposition 5.1. Let 𝑙 ∈ N, 𝛾 : [0, 𝜏] → 𝐸𝑙 be a piecewise constant function,
and 𝑤0 ∈ 𝑋 . Moreover, assume that the trajectory ℛ(𝑤0, 0, 𝛾) is well-defined
on [0, 𝜏] and that any 𝛾 ∈ 𝐸𝑙 is of the form 𝛾 = 𝜉0 − ∑𝑝

𝑖=1 𝑓 (𝜉𝑖) for some
𝑝 ∈ N and 𝜉0, 𝜉1, . . . , 𝜉𝑝 ∈ 𝐸𝑙−1. Then, there is a sequence {(𝛾𝑛, 𝜁𝑛)}𝑛∈N ⊂
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𝐶∞( [0, 𝜏]; 𝐸𝑙−1 × 𝐸𝑙−1) such that

sup
𝑛∈N

(
∥𝜁𝑛∥𝐶 ( [0,𝜏 ];𝑋) + ∥𝛾𝑛∥𝐿2 ( [0,𝜏 ];𝑋)

)
< ∞

and
∥ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛)∥𝐶 ( [0,𝜏 ];𝑋) + || |𝜁𝑛 | | |𝜏 → 0

as 𝑛→ ∞.

To prove the above result we need some notation and an elementary lemma.
Given 𝑛 ∈ N, we denote by ℰ𝑛 : 𝑋 → 𝐿2((0, 𝜏); 𝑋) the operator which assigns to
𝜉 ∈ 𝑋 the function

(5.1) (ℰ𝑛𝜉) (𝑡) ≔ 𝜁 (𝑛𝑡/𝜏) (𝑡 ∈ [0, 𝜏]),

where 𝜁 (𝑡) denotes the 1-periodic continuation of 𝑠 ↦→ (1[0,1/2) (𝑠) − 1[1/2,1) (𝑠))𝜉
and 1𝐼 stands for the indicator function of an interval 𝐼. Moreover, let 𝒦 be the
integral operator defined via

(5.2) (𝒦𝑧) (𝑡) B
∫ 𝑡

0
𝑧(𝑠) d𝑠

for 𝑧 ∈ 𝐿1( [0, 𝜏]; 𝑋) and 𝑡 ∈ [0, 𝜏].

Lemma 5.2. Let 𝜙 : 𝑋 → 𝑋 be continuous. For 𝜉 ∈ 𝑋 and 𝑤1 ∈ 𝐶 ( [0, 𝜏]; 𝑋),
define 𝜁𝑛 ≔ℰ𝑛𝜉 and denote the sequence

ℎ𝑛 B 𝜙(𝑤1 + 𝜁𝑛) −
1
2
(𝜙(𝑤1 + 𝜉) + 𝜙(𝑤1 − 𝜉)) + 𝐴𝜁𝑛

for all 𝑛 ∈ N. Then,
lim
𝑛→∞

∥𝒦ℎ𝑛∥𝐶 ( [0,𝜏 ];𝑋) = 0.

Proof. We first note that the general statement follows by means of an approximation
argument from the case where the function 𝑤1 : [0, 𝜏] → 𝑋 is piecewise constant.
Next, we note that the family {𝒦ℎ𝑛}𝑛∈N is relatively compact in 𝐶 ( [0, 𝜏]; 𝑋) for
piecewise constant choices of 𝑤1. Indeed, {ℎ𝑛 (𝑡)}𝑡∈[0,𝜏 ] is contained in a finite set,
not depending on 𝑛. Thus, there exists a compact set𝐺 ⊂ 𝑋 such that (𝒦ℎ𝑛) (𝑡) ∈ 𝐺
for all 𝑡 ∈ [0, 𝜏] and 𝑛 ∈ N. Moreover, because of sup𝑛∈N ∥ℎ𝑛∥𝐶 ( [0,𝜏 ];𝑋) < ∞,
the family {𝒦ℎ𝑛}𝑛∈N is uniformly equicontinuous on [0, 𝜏]; hence, {𝒦ℎ𝑛}𝑛∈N
is relatively compact in 𝐶 ( [0, 𝜏]; 𝑋) by the Arzelà–Ascoli theorem. Therefore, it
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suffices to establish for all 𝑡 ∈ [0, 𝜏] the convergence

(5.3) ∥𝒦ℎ𝑛 (𝑡)∥𝑋 → 0 as 𝑛→ ∞.

In a first step, the convergence in (5.3) is demonstrated for the case where
𝑤1 ≡ 𝑏 with a constant 𝑏 ∈ 𝑋 . Hereto, any fixed 𝑡 ∈ [0, 𝜏] is decomposed for each
𝑛 ∈ N as 𝑡 = 𝑡𝑙,𝑛 + 𝜏𝑛, where

(5.4) 𝑡𝑙,𝑛 =
𝑙𝑇

𝑛
, 𝑙 = 𝑙𝑡 ,𝑛 ∈ N, 𝜏𝑛 ∈

[
0,
𝑇

𝑛

)
.

Due to the definition of (𝜁𝑛)𝑛∈N and using (5.1) it follows that∫ 𝑙𝑇
𝑛

0
𝐴𝜁𝑛 (𝑠) d𝑠 = 𝐴

∫ 𝑙𝑇
𝑛

0
𝜁𝑛 (𝑠) d𝑠 = 0,∫ 𝑙𝑇

𝑛

0
𝜙(𝑏 + 𝜁𝑛 (𝑠)) d𝑠 =

𝑙𝑇

2𝑛
(𝜙(𝑏 + 𝜉) + 𝜙(𝑏 − 𝜉)) .

Consequently, ∫ 𝑙𝑇
𝑛

0
ℎ𝑛 (𝑠) d𝑠 =

∫ 𝑙𝑇
𝑛

0
[𝜙(𝑏 + 𝜁𝑛 (𝑠)) + 𝐴𝜁𝑛 (𝑠)] d𝑠

− 𝑙𝑇

2𝑛
(𝜙(𝑏 + 𝜉) + 𝜙(𝑏 − 𝜉))

= 0,

which yields

𝒦ℎ𝑛 (𝑡) =
∫ 𝜏𝑛

0
[𝜙(𝑏 + 𝜁𝑛 (𝑠)) + 𝐴𝜁𝑛 (𝑠)] d𝑠 − 𝜏𝑛

2
(𝜙(𝑏 + 𝜉) + 𝜙(𝑏 − 𝜉)) .

Since 𝜏𝑛 → 0 as 𝑛 → ∞, one can first conclude the convergence (5.3) for
constant 𝑤1 and then by a similar analysis obtain (5.3) also for the case where 𝑤1
is piecewise constant. □

We are now in a position to prove the main result of this section.

Proof of Proposition 5.1. It can be assumed that 𝛾 ∈ 𝑋 is a constant function of
time. Otherwise, one may apply the strategy below on each interval of constancy
and then use Proposition 4.2 for obtaining smooth controls. Moreover, we simplify
the presentation by first making the additional assumption that there exist elements
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𝜂, 𝜉 ∈ 𝐸𝑙−1 such that

(5.5) 𝛾 = 𝜂 − 𝑓 (𝜉).

The general situation is treated almost analogously, as discussed in Remark 5.3
below.

Taking the quadratic character (1.4) into account, one obtains for each 𝑤 ∈ 𝑋
the representation

𝑓 (𝑤) − 𝛾 =
1
2
( 𝑓 (𝑤 + 𝜉) + 𝑓 (𝑤 − 𝜉)) − 𝜂.

Thus, the trajectory 𝑤1 B ℛ(𝑤0, 0, 𝛾) ∈ 𝐶 ( [0, 𝜏]; 𝑋) satisfies

(5.6) ¤𝑤1 + 𝐴𝑤1 +
1
2
( 𝑓 (𝑤1 + 𝜉) + 𝑓 (𝑤1 − 𝜉)) = 𝜂.

Then, we introduce for each 𝑛 ∈ N the function 𝜁𝑛 (𝑡) ≔ℰ𝑛𝜉, where ℰ𝑛 has been
introduced in (5.1). In particular, the equation (5.6) is equivalent to

(5.7) ¤𝑤1 + 𝐴(𝑤1 + 𝜁𝑛) + 𝑓 (𝑤1 + 𝜁𝑛) = 𝜂 + 𝑔𝑛,

where

(5.8) 𝑔𝑛 B 𝑓 (𝑤1 + 𝜁𝑛) −
1
2
( 𝑓 (𝑤1 + 𝜉) + 𝑓 (𝑤1 − 𝜉)) + 𝐴𝜁𝑛.

The functions (𝑔𝑛)𝑛∈N in the right-hand side of (5.7) are hereby undesired, as they
may assume values not contained in 𝐸𝑙−1. This issue will be avoided by using
Lemma 5.2.

We consider now for each 𝑛 ∈ N the transformed trajectory 𝑣𝑛 B 𝑤1 −𝒦𝑔𝑛,
with 𝒦 introduced in (5.2). Then, we have that 𝑣𝑛 satisfies for all 𝑛 ∈ N the system

¤𝑣𝑛 + 𝐴(𝑣𝑛 + 𝜁𝑛 +𝒦𝑔𝑛) + 𝑓 (𝑣𝑛 + 𝜁𝑛 +𝒦𝑔𝑛) = 𝜂

with initial value 𝑣𝑛 (0) = 𝑤0, so that

(5.9) 𝑣𝑛 = ℛ(𝑤0, 𝜁𝑛 +𝒦𝑔𝑛, 𝜂).

In (5.9), the right-hand side is well-defined for each 𝑛 ∈ N, noting that the left-hand
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side equals 𝑤1 −𝒦𝑔𝑛. Resorting to Lemma 5.2, it follows that

(5.10) sup
𝑛∈N

∥𝑣𝑛∥𝐶 ( [0,𝜏 ];𝑋) < ∞.

Moreover, the definition of 𝜁𝑛 implies that 𝜁𝑛 (𝑡) ∈ {𝜉,−𝜉} for every 𝑛 ∈ N and
𝑡 ∈ [0, 𝜏]. Consequently,

(5.11) sup
𝑛∈N

∥𝜁𝑛∥𝐿∞ ( [0,𝜏 ];𝐸𝑙−1 ) < ∞.

Hence, by (5.10), (5.11), Proposition 4.2, and Lemma 5.2 we know that the solution
ℛ(𝑤0, 𝜁𝑛, 𝜂) is well-defined for sufficiently large 𝑛, and it holds that

(5.12) ∥ℛ(𝑤0, 𝜁𝑛, 𝜂) − 𝑣𝑛∥𝐶 ( [0,𝜏 ];𝑋) → 0 as 𝑛→ ∞.

As a result, it follows that

∥ℛ(𝑤0, 𝜁𝑛, 𝜂) − 𝑤1∥𝐶 ( [0,𝜏 ];𝑋) → 0 as 𝑛→ ∞,

where we also used (5.12), Lemma 5.2, and the fact that 𝑣𝑛 = 𝑤1 −𝒦𝑔𝑛 for all
𝑛 ∈ N.

To conclude the proof of Proposition 5.1, remains to show the convergence in
relaxation metric

(5.13) | | |𝜁𝑛 | | |𝜏 → 0 as 𝑛→ ∞.

This is done by analysis similar to the proof of Lemma 5.2. In fact, it suffices to verify
that {𝒦𝜁𝑛}𝑛∈N is relatively compact in 𝐶 ( [0, 𝜏]; 𝑋) and that ∥(𝒦𝜁𝑛) (𝑡)∥𝑋 → 0 as
𝑛→ ∞ for any 𝑡 ∈ [0, 𝜏]. To this end, we remark that the set {𝜁𝑛 (𝑡) | 𝑡 ∈ [0, 𝜏], 𝑛 ∈
N} is contained in a finite subset of 𝑋 independent of 𝑛, implying that (𝒦𝜁𝑛) (𝑡)
belongs for each 𝑡 ∈ [0, 𝜏] and 𝑛 ∈ N to a fixed compact set in 𝑋 . In particular,
one can infer from (5.11) that (𝒦𝜁𝑛)𝑛∈N is uniformly equicontinuous on [0, 𝜏]
such that {𝐾𝜁𝑛}𝑛∈N is relatively compact in 𝐶 ( [0, 𝜏]; 𝑋) by the Arzelà–Ascoli
theorem. Representing again any 𝑡 ∈ [0, 𝜏] as 𝑡 = 𝑡𝑙,𝑛 + 𝜏𝑛, where 𝑙, 𝑛, 𝜏𝑛 are as in
(5.4), and by using the fact that (𝒦𝜁𝑛) (𝑙𝑇/𝑛) = 0, we obtain via (5.11) the limit
∥(𝒦𝜁𝑛) (𝑡)∥𝑋 → 0 as 𝑛→ ∞. This completes the proof of the limit (5.13).

Finally, due to Proposition 4.2, the sequence (𝜁𝑛)𝑛∈N can be replaced by a
sequence of smooth functions. □

Remark 5.3. We explain how to obtain the general assertion of Proposition 5.1,
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where instead of (5.5) one only knows from the definition of 𝐸𝑙 that 𝛾 = 𝜉0 −∑𝑝

𝑖=1 𝑓 (𝜉𝑖) for some 𝑝 ∈ N and 𝜉0, 𝜉1, . . . , 𝜉𝑝 ∈ 𝐸𝑙−1. Given any 𝑤 ∈ 𝐸𝑙, and
defining 𝑚 ≔ 2𝑝, it then holds

𝑓 (𝑤) − 𝛾 =
1
𝑚

𝑚∑︁
𝑖=1

𝑓 (𝑤 + 𝜁 𝑖) − 𝜉0,

where 𝜁 𝑖 = (𝑚/2)1/2𝜉𝑖 and 𝜁 𝑖+𝑝 = −(𝑚/2)1/2𝜉𝑖 for 𝑖 ∈ {1, . . . , 𝑝}. In contrast
to the argument given above when (5.5) is known, the sequence (𝜁𝑛)𝑛∈N is now
defined by fixing the 1-periodic function 𝜁 : R → 𝐸𝑙−1 such that 𝜁 (𝑡) = 𝜁 𝑖 for
𝑡 ∈ [(𝑖 − 1)/𝑚, 𝑖/𝑚] and 𝑖 ∈ {1, . . . , 𝑚}, followed by setting 𝜁𝑛 (𝑡) = 𝜁 (𝑛𝑡/𝜏) for
each 𝑛 ∈ N. Then, the trajectory 𝑤1 B ℛ(𝑤0, 0, 𝛾) ∈ 𝐶 ( [0, 𝜏]; 𝑋) satisfies the
problem

¤𝑤1 + 𝐴(𝑤1 + 𝜁𝑛) + 𝑓 (𝑤1 + 𝜁𝑛) = 𝜉0 + ℎ𝑛,

where

(5.14) ℎ𝑛 (𝑡) B 𝑓 (𝑤1 + 𝜁𝑛) −
1
𝑚

𝑚∑︁
𝑖=1

𝑓 (𝑤1 + 𝜁 𝑖) + 𝐴𝐵𝜁𝑛.

Considering ℎ𝑛 defined in (5.14) instead of 𝑔𝑛 as given in (5.8), the formulation
and proof of Lemma 5.2 immediately extends to this situation, and one can follow
with minor adaptations the argument given above.

6 Proof of the main result

We are now in the position to complete the proof of Theorem 3.5. Hereto, attention
is paid first to the simplified situation of Proposition 1.8, where Assumption 1.7
holds, as this emphasizes the core argument.

Proof of Theorem 3.5 and of Proposition 1.8. In a first step, we suppose Assump-
tion 1.7, while denoting the spaces 𝐸1 = Range(𝐵) and 𝐸2 = 𝑋 in order to
be consistent with the notation used in Assumption 3.3. That is, we first prove
Proposition 1.8.

Let 𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋) be the target trajectory, set 𝑤0 ≔ 𝜓(0), and define
an associated control by 𝛾 ≔ ¤𝜓 + 𝐴𝜓 + 𝑓 (𝜓) ∈ 𝐿2((0, 𝜏); 𝑋). Then, one has
𝜓 = ℛ(𝑤0, 0, 𝛾). As the goal is to approximate 𝜓, and in view of Proposition 4.2,
we can assume without loss of generality that 𝛾 is piecewise constant. Now, we
associate with 𝜓 and 𝛾 a sequence (𝜁𝑛, 𝛾𝑛)𝑛∈N ⊂ 𝐶∞( [0, 𝜏]; 𝐸1 × 𝐸1) in the sense
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of Proposition 5.1. Again, due to Proposition 4.2 and an approximation argument,
there is a sequence (𝜁𝑛)𝑛∈N ⊂ 𝐶∞

0 ((0, 𝜏); 𝐸1), which is uniformly bounded in
𝐶 ( [0, 𝜏]; 𝐸1), such that

(6.1)
lim
𝑛→∞

∥𝜁𝑛 − 𝜁𝑛∥𝐿2 ( (0,𝜏 );𝐸1 ) = 0,

lim
𝑛→∞

∥ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛) −ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛)∥𝐶 ( [0,𝜏 ];𝑋) = 0.

Noting that the sequence (𝜁𝑛, 𝛾𝑛)𝑛∈N is obtained via Proposition 5.1, we get

(6.2) | | |𝜁𝑛 | | |𝜏 ⩽
∫ 𝜏

0
|𝜁𝑛 (𝑠) − 𝜁𝑛 (𝑠) | d𝑠 + || |𝜁𝑛 | | |𝜏 → 0

as 𝑛→ ∞. Now, we decompose

(6.3) ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛) = ℛ(𝑤0, 0, 𝛾̃𝑛) − 𝜁𝑛,

where 𝛾̃𝑛 ≔ 𝛾𝑛 + d𝜁𝑛/d𝑡. In particular,

(6.4) ℛ𝜏 (𝑤0, 𝜁𝑛, 𝛾𝑛) = ℛ𝜏 (𝑤0, 0, 𝛾̃𝑛)

by the choice of (𝜁𝑛)𝑛∈N. Then, thanks to Proposition 5.1, (6.1), and (6.4), it follows
that ℛ𝜏 (𝑤0, 0, 𝛾̃𝑛) → ℛ𝜏 (𝑤0, 0, 𝛾) as 𝑛→ ∞. Further, due to Proposition 5.1 and
(6.1)–(6.4), the norm | | |ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 0, 𝛾̃𝑛) | | |𝜏 is for each 𝑛 ∈ N bounded
from above by

| | |ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛) −ℛ(𝑤0, 0, 𝛾̃𝑛) | | |𝜏 + 𝜏∥ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛)∥𝐶 ( [0,𝜏 ];𝑋)

+ 𝜏∥ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛) −ℛ(𝑤0, 𝜁𝑛, 𝛾𝑛)∥𝐶 ( [0,𝜏 ];𝑋) .

As a result, we obtain the limit

| | |ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 0, 𝛾̃𝑛) | | |𝜏 → 0 as 𝑛→ ∞,

which implies that the desired control 𝑢 ∈ 𝐶∞( [0, 𝜏];𝑈) can for sufficiently large
𝑁 ∈ N be chosen of the form 𝑢 = 𝛾̃

𝑁

The second step is to consider the general situation where Assumption 1.7 is
replaced by Assumption 3.3. Hereto, we denote by 𝑛𝑋 the number introduced in
Assumption 3.3. Next, let 𝜀 > 0, 𝜓 ∈ 𝑊1,2((0, 𝜏); 𝑋), and 𝑤0 ≔ 𝜓(0). Then, define
the auxiliary control 𝛾 ≔ 𝐴𝜓 + ¤𝜓 + 𝑓 (𝜓) and take 𝜀1, . . . , 𝜀𝑛𝑋 ∈ (0,∞) such that∑𝑛𝑋

𝑙=1 𝜀𝑙 < 𝜀. In particular, it holds that 𝜓 = ℛ(𝑤0, 0, 𝛾). Now, the same idea as
described above under Assumption 1.7 is utilized to obtain a suitable 𝐸𝑛𝑋−1-valued
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control 𝛾̃1 so that

| | |ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 0, 𝛾̃1) | | |𝜏 < 𝜀1.

If necessary, this argument can be repeated to obtain a suitable 𝐸𝑛𝑋−2-valued
control 𝛾̃2 such that

| | |ℛ(𝑤0, 0, 𝛾̃1) −ℛ(𝑤0, 0, 𝛾̃2) | | |𝜏 < 𝜀2.

After iterating this procedure a finite number of time, one arrives at an 𝐸1-valued
control 𝛾̃ with | | |ℛ(𝑤0, 0, 𝛾) −ℛ(𝑤0, 0, 𝛾̃) | | |𝜏 < 𝜀. □

7 Applications to the control of coupled systems

In this section, we apply Theorem 3.5 to the study of controllability problems
for systems which couple (1.1) with an ODE system where the state 𝑥 in (1.1)
plays the role of a coefficient. More precisely, let 𝑍 be another finite-dimensional
inner product space, let Γ̃ : 𝑍 × 𝑋 → 𝑍 be bilinear, and let 𝐹 : 𝑍 → 𝑍 be locally
Lipschitz continuous. Then, using the notations from (1.1), we consider the coupled
system

(7.1)


¤𝑥(𝑡) + 𝐴𝑥(𝑡) + 𝑓 (𝑥(𝑡)) = 𝐵𝑢(𝑡) (𝑡 ⩾ 0),
¤𝑧(𝑡) + Γ̃(𝑧(𝑡), 𝑥(𝑡)) + 𝐹 (𝑧(𝑡)) = 0 (𝑡 ⩾ 0),
𝑥(0) = 𝑥0 ∈ 𝑋, 𝑧(0) = 𝑧0 ∈ 𝑍,

where the function 𝑢 : [0,∞) → 𝑈 is the control, 𝐴 ∈ ℒ(𝑋) and 𝐵 ∈ ℒ(𝑈, 𝑋)
are linear maps from 𝑋 to 𝑋 and from 𝑈 to 𝑋 , respectively, and 𝑓 : 𝑋 → 𝑋 is of
the form 𝑓 (𝑥) = Γ(𝑥, 𝑥) for a bilinear function Γ : 𝑋 × 𝑋 → 𝑋 .

The following theorem provides sufficient conditions for the approximate
tracking controllability of 𝑧 with respect to the uniform norm, the target being
any fixed trajectory of the second equation in (7.1), via a control acting in the
equation for 𝑥. Simultaneously, it provides the approximate controllability of the
final state 𝑥(𝜏). More precisely, we have:

Theorem 7.1. Let 𝜏 > 0. Assume that (𝑧, 𝑥) ∈ 𝑊1,2((0, 𝜏); 𝑍) × 𝐶 ( [0, 𝜏]; 𝑋) with
initial values (𝑧(0), 𝑥(0)) = (𝑧0, 𝑥0) satisfy on the time interval [0, 𝜏] the equation

(7.2) ¤𝑧(𝑡) + Γ̃(𝑧(𝑡), 𝑥(𝑡)) + 𝐹 (𝑧(𝑡)) = 0.
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Moreover, suppose that 𝑓 , 𝐵, and the control space𝑈 in (7.1) satisfy Assumption 3.3.
Then, for any 𝜀 > 0, there exists a control 𝑢 ∈ 𝐶∞( [0, 𝜏];𝑈) such that the solution
to (7.1) obeys

sup
𝑡∈[0,𝜏 ]

|𝑧(𝑡) − 𝑧(𝑡) | + |𝑥(𝜏) − 𝑥(𝜏) | + | | |𝑥 − 𝑥 | | |𝜏 < 𝜀.

The proof of the above result provides a finite-dimensional illustration of a
mechanism, exploited recently in [15] (in a nonlinear PDE context) for the study
of relaxation enhancement of concentrations immersed in controlled fluids, and in
[20] for the Lagrangian controllability of the Navier–Stokes system. For the here
considered finite-dimensional setup, we extend these arguments further; namely,
here we allow 𝐹 to be a general locally Lipschitz function instead of requiring it
to be linear. Before giving the proof of Theorem 7.1, we state some remarks and
examples.

Remark 7.2 (Dynamic control). The system described by the first equation in
(7.1) can be seen as a dynamic controller of the system (with state 𝑧) described by
the second one. This means that if the system (with state trajectory 𝑧 and input
signal 𝑥) described by the second equation in (7.1) is approximately controllable
in time 𝜏, then Theorem 7.1 implies that this system can be controlled using a
dynamic controller described by the first equation in (7.1). More precisely, for every
𝑧1 ∈ 𝑍 and 𝜀 > 0 there exists 𝑢 ∈ 𝐿2( [0, 𝜏];𝑈) such that the solution (𝑥, 𝑧) to
(7.1) satisfies ∥𝑧(𝜏) − 𝑧1∥𝑍 < 𝜀, and one has even the stronger statement that 𝑢 can
be chosen such that sup𝑡∈[0,𝜏 ] ∥𝑧(𝑡) − 𝑧(𝑡)∥𝑍 < 𝜀, where (𝑧, 𝑥) is any sufficiently
regular pair satisfying (7.2) with 𝑧(0) = 𝑧0 and ∥𝑧(𝜏) − 𝑧1∥𝑍 < 𝜀. Further, it is
possible to simultaneously drive 𝑥 approximately to any prescribed target state at
the final time 𝜏.

Example 7.3 (Dynamic motion planning). When 𝑋 = 𝑍 = R𝑑 , 𝑑 ⩾ 1, and the bilin-
ear function Γ̃ in the second equation of (7.1) is Γ̃(𝑎, 𝑏) ≔ [𝑎1𝑏1, 𝑎2𝑏2, . . . , 𝑎𝑑𝑏𝑑]⊤
for 𝑎, 𝑏 ∈ R𝑑 , we can maintain the trajectory of 𝑧 in the uniform norm close to
a given curve by using the dynamic controller 𝑥. In this example, the aim is to
track with 𝑧 any prescribed reference curve 𝑧ref ∈ 𝐶 ( [0, 𝜏]; 𝑍) that stays within an
orthant (the components of 𝑧ref do not change sign), More precisely, for any 𝜏 > 0
we consider the coupled system

(7.3)


¤𝑥(𝑡) + 𝐴𝑥(𝑡) + 𝑓 (𝑥(𝑡)) = 𝐵𝑢(𝑡), (𝑡 ⩾ 0),
¤𝑧(𝑡) + Γ̃(𝑧(𝑡), 𝑥(𝑡)) + 𝐹 (𝑧(𝑡)) = 0, (𝑡 ⩾ 0),
(𝑥, 𝑧) (0) = (𝑥0, 𝑧0) ∈ 𝑋 × 𝑍,
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where 𝑓 , 𝐵, and the control space 𝑈 satisfy Assumption 3.3, and 𝐹 : 𝑍 → 𝑍

is locally Lipschitz continuous. Given 𝜀, 𝜏 > 0, we fix a smooth curve 𝑧 =

[𝑧1, 𝑧2, . . . , 𝑧𝑑]⊤ : [0, 𝜏] → R𝑑 such that Π𝑑
𝑖=1𝑧𝑖 (𝑟) ≠ 0 for all 𝑟 ∈ [0, 𝜏] and

sup𝑡∈[0,𝜏 ] |𝑧ref (𝑡) − 𝑧(𝑡) | < 𝜀/2. Then, for each 𝑡 ∈ [0, 𝜏] and 𝑙 ∈ {1, 2, . . . , 𝑑}, we
define

𝑥𝑙 (𝑡) ≔
𝐹𝑙 (𝑧(𝑡)) − ¤𝑧𝑙 (𝑡)

𝑧𝑙 (𝑡)
.

As a result, (𝑧, 𝑥) together with 𝑓 , 𝐵, and the control space𝑈, satisfy the assumptions
of Theorem 7.1. Now, appealing to Theorem 7.1 with 𝜀 replaced by 𝜀/2, there
exists a control 𝑢 ∈ 𝐿2((0, 𝜏);𝑈) such that the solution to (7.3) obeys

sup
𝑡∈[0,𝜏 ]

|𝑧(𝑡) − 𝑧ref (𝑡) | ⩽ sup
𝑡∈[0,𝜏 ]

( |𝑧(𝑡) − 𝑧(𝑡) | + |𝑧ref (𝑡) − 𝑧(𝑡) |) < 𝜀.

The proof of Theorem 7.1 is a consequence of Theorem 3.5, providing controlled
trajectories bounded in 𝐶 ( [0, 𝜏]; 𝑋) independently of the appearing parameter 𝜀
(see (6.3)), and the following adaptation of [15, Theorem 3.2], which we generalize
here further to allow the presence of any locally Lipschitz continuous 𝐹.

Lemma 7.4. Let 𝜏 > 0 and for any 𝑧0 ∈ 𝑍 and 𝑥̃ ∈ 𝐶 ( [0, 𝜏]; 𝑋) assume that on
the time interval [0, 𝜏] there exists a unique solution 𝑧̃ to

¤̃𝑧(𝑡) + Γ̃( 𝑧̃(𝑡), 𝑥̃(𝑡)) + 𝐹 ( 𝑧̃(𝑡)) = 0,
𝑧̃(0) = 𝑧0.

Moreover, assume that 𝑥̂ ∈ 𝐶 ( [0, 𝜏]; 𝑋) and that there is a constant 𝑅 > 0 with

∥𝑥̃∥𝐶 ( [0,𝜏 ];𝑋) + ∥𝑥̂∥𝐶 ( [0,𝜏 ];𝑋) ⩽ 𝑅.

Then, if 𝑥̂ satisfies | | |𝑥̂ − 𝑥̃ | | |𝜏 < 𝛿 for 𝛿 > 0 sufficiently small, there exists a unique
solution 𝑧̂ on the time interval [0, 𝜏] to

¤̂𝑧(𝑡) + Γ̃( 𝑧̂(𝑡), 𝑥̂(𝑡)) + 𝐹 ( 𝑧̂(𝑡)) = 0,
𝑧̂(0) = 𝑧0

and there is a constant 𝐶 = 𝐶 (𝑅, |𝑧0 |, 𝜏) such that

∥ 𝑧̃ − 𝑧̂∥𝐶 ( [0,𝜏 ];𝑍 ) ⩽ 𝐶 | | |𝑥̃ − 𝑥̂ | | |1/2𝜏 .

Proof. By classical local existence results, it is known that there is a maximal
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time 𝜏̂ ∈ [0, 𝜏] until which 𝑧̂ exists, and that 𝑧̂ must blowup at time 𝜏̂ if 𝜏̂ ∈ (0, 𝜏).
The strategy is to estimate for 𝑡 ∈ (0, 𝜏̂) the difference 𝑧(𝑡) ≔ 𝑧̃(𝑡) − 𝑧̂(𝑡), which
satisfies the equation

(7.4) ¤𝑧 + Γ̃(𝑧, 𝑥̂) + Γ̃( 𝑧̃, 𝑥̃ − 𝑥̂) = 𝐹 ( 𝑧̂) − 𝐹 ( 𝑧̃)

with initial condition 𝑧(0) = 0. First, we consider the third term in the left-hand
side of (7.4), multiply by 𝑧, and observe that for all 𝑡 ∈ [0, 𝜏̂) it holds∫ 𝑡

0

[
Γ̃( 𝑧̃, 𝑥̃ − 𝑥̂)𝑧

]
(𝑠) d𝑠 =

∫ 𝑡

0
Γ̃

(
𝑧̃(𝑠), d

d𝑠

∫ 𝑠

0
(𝑥̃(𝑟) − 𝑥̂(𝑟)) d𝑟

)
𝑧(𝑠) d𝑠

= Γ̃

(
𝑧̃(𝑡),

∫ 𝑡

0
(𝑥̃(𝑟) − 𝑥̂(𝑟)) d𝑟

)
𝑧(𝑡)

−
∫ 𝑡

0
Γ̃

(
¤̃𝑧(𝑠),

∫ 𝑠

0
(𝑥̃(𝑟) − 𝑥̂(𝑟)) d𝑟

)
𝑧(𝑠) d𝑠

−
∫ 𝑡

0
Γ̃

(
𝑧̃(𝑠),

∫ 𝑠

0
(𝑥̃(𝑟) − 𝑥̂(𝑟)) d𝑟

)
¤𝑧(𝑠) d𝑠.

Moreover, for any 𝑇 ∈ (0, 𝜏̂) there exists by assumption a compact subset of 𝑍
containing {𝑧̃(𝑞), 𝑧̂(𝑟), ¤̃𝑧(𝑠), ¤̂𝑧 | 𝑞, 𝑟, 𝑠, 𝑡 ∈ [0, 𝑇]}. Thus, with a constant 𝐶 > 0,
depending on 𝑅, 𝑧0, and 𝜏, it follows that����∫ 𝑡

0
Γ̃( 𝑧̃, 𝑥̃ − 𝑥̂)𝑧(𝑠) d𝑠

���� ⩽ 𝐶 | | |𝑥̃ − 𝑥̂ | | |𝜏 (𝑡 ∈ [0, 𝑇]).

As a result, denoting by 𝐿
𝑇
> 0 the minimal Lipschitz constant for 𝐹 on the

smallest ball containing the 1-neighborhood of {𝑧̃(𝑡), 𝑧̂(𝑡) | 𝑡 ∈ [0, 𝑇]}, depending
on 𝑇 , 𝑧0, and 𝑅, it can be inferred for all 𝑡 ∈ [0, 𝑇] that

|𝑧(𝑡) |2
2
⩽

∫ 𝑡

0
𝐿
𝑇
|𝑧(𝑠) |2 d𝑠 +

∫ 𝑡

0
|𝑥̂(𝑠) | |𝑧(𝑠) |2 d𝑠

+ 𝐶 | | |𝑥̃ − 𝑥̂ | | |𝜏 ,

which yields together with Grönwall’s inequality that

|𝑧(𝑡) |2 ⩽ 2𝐶 | | |𝑥̃ − 𝑥̂ | | |𝜏 exp
(
2
∫ 𝑡

0

(
𝐿
𝑇
+ |𝑥̂(𝑠) |

)
d𝑠
)
.

The above estimate implies the announced conclusion, provided that we check
that 𝑇 could be chosen as 𝜏̂ and that 𝜏̂ = 𝜏 when | | |𝑥̂ − 𝑥̃ | | |𝜏 < 𝛿 holds for 𝛿 > 0
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sufficiently small. To see this, we argue by contradiction and assume that for all
𝛿0 > 0 there would exist 𝛿 ∈ (0, 𝛿0) such that 𝜏̂ ∈ (0, 𝜏) despite | | |𝑥̂ − 𝑥̃ | | |𝜏 < 𝛿.
Then, as {𝑧̃(𝑡) | 𝑡 ∈ [0, 𝜏]} is contained in a compact set, there would be a first
time 𝜏 ∈ (0, 𝜏) such that |𝑧(𝜏) | = 1. In this case, we fix the Lipschitz constant 𝐿𝜏

in the same manner as above and note that

(7.5) |𝑧(𝜏) |2 ⩽ 2𝐶 | | |𝑥̃ − 𝑥̂ | | |𝜏 exp (2𝜏 (𝐿𝜏 + 𝑅)) ,

which would produce a contradiction by taking

𝛿0 =
1

3𝐶 exp (2𝜏 (𝐿𝜏 + 𝑅))
.

Here, we used that unlike 𝜏 the constant 𝐿𝜏 in the right-hand side of (7.5) is
actually independent of 𝛿0, thanks to the definitions of 𝜏 and 𝐿𝜏 . □

Acknowledgments

MR is supported by a start-up grant from ShanghaiTech University.

References
[1] A. A. Agrachev, “Good Lie brackets” for control affine systems, J. Dyn. Control Syst. 30

(2024), no. 1, Paper No. 5, 19.

[2] A. A. Agrachev and A. V. Sarychev, Controllability of 2D Euler and Navier–Stokes equations
by degenerate forcing, Comm. Math. Phys. 265 (2006), no. 3, 673–697.

[3] A. A. Agrachev and A. V. Sarychev, Navier–Stokes equations: controllability by means of low
modes forcing, J. Math. Fluid Mech. 7 (2005), no. 1, 108–152.

[4] V. Barbu, Differential equations, Springer, 2016.

[5] K. Beauchard and F. Marbach, Quadratic obstructions to small-time local controllability for
scalar-input systems, J. Differential Equations 264 (2018), no. 5, 3704–3774.

[6] U. Boscain, M. Caponigro, and M. Sigalotti, Multi-input Schrödinger equation: controllability,
tracking, and application to the quantum angular momentum, J. Differential Equations 256
(2014), no. 11, 3524–3551.

[7] A. Bychkov, O. Issan, G. Pogudin, and B. Kramer, Exact and optimal quadratization of
nonlinear finite-dimensional nonautonomous dynamical systems, SIAM J. Appl. Dyn. Syst. 23
(2024), no. 1, 982–1016.

[8] J.-M. Coron, Control and nonlinearity, American Mathematical Soc., 2007.

[9] R Gamkrelidze, Principles of optimal control theory, Vol. 7, Springer Science & Business
Media, 2013.

28



[10] R. V. Gamkrelidze, Principles of optimal control theory, Math. Concepts Methods Sci. Eng.,
vol. 7, Plenum Press, New York-London, 1978.

[11] R. Gao, A novel track control for Lorenz system with single state feedback, Chaos Solitons
Fractals 122 (2019), 236–244.

[12] M. I. García-Planas and J. L. Domínguez-García, Alternative tests for functional and pointwise
output-controllability of linear time-invariant systems, Systems & Control Letters 62 (2013),
no. 5, 382–387.

[13] G. Haynes and H. Hermes, Nonlinear controllability via Lie theory, SIAM Journal on Control
8 (1970), no. 4, 450–460.

[14] V. Jurdjevic and I. Kupka, Control systems subordinated to a group action: accessibility, J.
Differential Equations 39 (1981), no. 2, 186–211.

[15] K. Koike, V. Nersesyan, M. Rissel, and M. Tucsnak, Relaxation enhancement by controlling
incompressible fluid flows, arXiv preprint arXiv:2506.22233 (2025).

[16] J.-L. Lions and E. Zuazua, Exact boundary controllability of Galerkin’s approximations of
Navier-Stokes equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 26 (1998), no. 4, 605–621.

[17] S. Liu, Y. Fan, and M.-A. Belabbas, Affine geometric heat flow and motion planning for dynamic
systems, IFAC-PapersOnLine 52 (2019), no. 16, 168–173. 11th IFAC Symposium on Nonlinear
Control Systems NOLCOS 2019.

[18] W. Liu, An approximation algorithm for nonholonomic systems, SIAM Journal on Control and
Optimization 35 (1997), no. 4, 1328–1365.

[19] Y.-Y. Liu, J.-J. Slotine, and A.-L. Barabási, Controllability of complex networks, Nature 473
(2011), no. 7346, 167–173.

[20] V. Nersesyan, Approximate controllability of Lagrangian trajectories of the 3D Navier–Stokes
system by a finite-dimensional force, Nonlinearity 28 (2015), no. 3, 825–848.

[21] V. Nersesyan, Approximate controllability of nonlinear parabolic PDEs in arbitrary space
dimension, Math. Control Relat. Fields 11 (2021), no. 2, 237–251.

[22] H. Nersisyan, Controllability of 3D incompressible Euler equations by a finite-dimensional
external force, ESAIM Control Optim. Calc. Var. 16 (2010), no. 3, 677–694.

[23] D. Ruiz-Balet and E. Zuazua, Neural ODE control for classification, approximation, and
transport, SIAM Rev. 65 (2023), no. 3, 735–773.

[24] A. Shirikyan, Approximate controllability of three-dimensional Navier–Stokes equations, Comm.
Math. Phys. 266 (2006), no. 1, 123–151.

[25] H. J Sussmann and W. Liu, Limits of highly oscillatory controls and the approximation of
general paths by admissible trajectories, [1991] Proceedings of the 30th IEEE Conference on
Decision and Control, 1991, pp. 437–442.

[26] S. Zamorano and E. Zuazua, Tracking controllability for finite-dimensional linear systems,
arXiv preprint arXiv:2407.18641 (2024).

29


	Introduction
	On the lack of approximate tracking controllability for linear systems
	Statement of the main result
	An enlarged system
	An approximation result
	Proof of the main result
	Applications to the control of coupled systems
	References

